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Abstract— An important problem in data-analysis tasks is to
find suitable representations that make hidden structure inthe
data explicit. In this paper, we present a probabilistic latent vari-
able model that is equivalent to a matrix decomposition of non-
negative data. Data is modeled as histograms of multiple draws
from an underlying generative process. The model expresses
the generative distribution as a mixture of hidden distributions
which capture the latent structure. We extend the model to
incorporate sparsity constraints by using an entropic prior. We
derive algorithms for parameter estimation and show how the
model can be applied for unsupervised feature extraction and
supervised classification tasks.

Index Terms— Probabilistic Algorithms, Latent Class Models,
Sparse Decomposition, Entropic Prior, MAP estimation

I. I NTRODUCTION

Component-wise decompositions have long enjoyed ubiquitous
use in machine learning problems. Popular approaches such as
Principal Components Analysis (PCA), Independent Components
Analysis (ICA) and Projection Pursuit are frequently employed
for various tasks such as feature discovery or object extraction
and their statistical properties have made them indispensable tools
for machine learning applications. More recently, Non-negative
Matrix Factorization (NMF; [12]) introduced a new desirable
property for component decompositions, that of non-negativity.
Non-negativity has proven to be a very valuable property for
researchers working with positive data. Methods not using non-
negativity are bound to discover a set of bases that contain
negative elements, and then employ cross-cancellation between
them in order to approximate the input. Such components with
negative elements are hard to interpret in positive data domains
and are often used for their statistical properties and not for
the insight they provide. NMF, which approximates the input
as additive combinations of non-negative components, has been
found to provide meaningful components on a variety of data
types such as images [12] and audio magnitude spectra [20].
However, NMF is not defined in a probabilistic framework. It
is neither a generative model nor a discriminative model andthis
can pose difficulties in situations where it is used alongside other
models. Also, it does not provide a way to utilize any kind ofa
priori information available about the data.

Another desirable property for component-wise decompositions
that has spawned an active area of research is the concept of
sparsity. It has its roots in the field of sensory coding, where the
idea of efficient coding has been proposed as a way to extract the
intrinsic structure in sensory signals. The goal is to find a set of
basis vectors that span the input space such that only a few of
the basis vectors are required to describe a particular input vector.
In other words, only a small number of mixture weights with
which these basis vectors combine to explain the input vector have

M. Shashanka is with the Hearing Research Center, Boston University,
Boston, MA 02215, USA. Email: shashanka@cns.bu.edu.

B. Raj and P. Smaragdis are with Mitsubishi Electric Research Labs,
Cambridge, MA 02139, USA. Email:{bhiksha, paris}@merl.com.

significant magnitudes while all the rest have zero or negligible
magnitudes. Olshausen and Field [15], who use sparse codingto
explain natural image statistics, obtain such a code by trying to
reduce the entropies of these mixture weights. Field [5] provides
a detailed theoretical treatment of sparse coding, especially in the
case ofovercompletecodes.

Non-negativity and sparsity together are desirable properties
to have for basis decomposition techniques, but a statistical
underpinning for such techniques is just as important. There are
two main contributions of this paper. We first present a generative
latent variable model that provides a statistical framework in
which one can extract non-negative bases from data. Insteadof
modeling the data directly, the model works on the underlying
generative distribution and expresses it as a mixture of latent dis-
tributions which can be interpreted as basis vectors. The mixture
weights with which the basis vectors combine are also modeled
as distributions, thus implicitly guaranteeing non-negativity in the
whole model. We then propose algorithms to impose sparsity in
this statistical framework.

Rest of the paper is organized as follows. We present the latent
variable model in Section II and describe algorithms for learning
the parameters. In Section III, we show how sparsity can be
incorporated in this framework. In section IV, we try to visualize
and understand the workings of the model by using a geometric
interpretation. We show how the model relates to NMF and latent
class models in Section V. Section VI describes experiments
where we show how the model can be used for unsupervised
feature extraction and supervised classification. Finally, we end
the paper with conclusions in Section VII.

II. L ATENT VARIABLE MODEL

In this section, we present the latent variable model, provide
equations for parameter estimation and then show that it is
equivalent to a basis decomposition in the probability domain.

Consider a random process characterized by the probability
P (f) of drawing a feature unitf in a given draw. Let the random
variablef take values from the set{1, 2, . . . , F}. Let us assume
that P (f) is unknown and what one can observe instead is the
result of multiple draws from the process. In other words, we
observe featurecounts i.e. the number of times featuref is
observed after repeated draws. We can approximate thegenerative
distribution P (f) by using the normalized set of counts.

Now suppose we also know thatP (f) is comprised ofR hidden
distributions or latent factors. The observation in a given draw
might come from any one of theR distributions. The distributions
are selected according to a probability distribution that remains
constant across draws in a given experiment. We are allowed to
run multiple experiments and observe feature counts for each
experiment. The probabilities according to which distributions
are selected vary from experiment to experiment. Our task isto
characterize these hidden distributions.

Let us represent the hidden distributions byP (f |z) - the
probability of observing featuref conditioned on alatent variable
z. The probability of picking thez-th distribution in then-th
experiment can be represented byPn(z). We can now formally
write the model as

Pn(f) =
X

z

P (f |z)Pn(z), (1)

where Pn(f) gives the overall probability of observing feature
f in the n-th experiment. Here, the multinomial distributions
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Fig. 1. Graphical model for the random process underlying the generation
of a data vector. Circles represent variables, the surrounding box represents
repeated draws and the arrow represents dependence.z is the hidden variable,
f is the feature drawn, andV is the total number of draws.

P (f |z) can be thought of asbasis vectorsthat are characteristic
to all experiments.Pn(z) are mixture weights that signify the
contribution ofP (f |z) towardsPn(f). The subscriptn indicates
that mixture weights change from experiment to experiment.

The random process generating counts in then-th experiment
can be summarized as

1) Pick a latent variablez with probability Pn(z).
2) Pick featuref from the multinomial distributionP (f |z).
3) Repeat the above two stepsV times,

where V is total number of draws in the experiment. Figure 1
shows the graphical model depicting the process.

Let Vfn represent the feature count of featuref in the n-
th experiment. Given these feature counts, one can analyze
and estimate the parameters of the model as we show below.
Notice that any process that generates counts or histogramsis
suitable for analysis by the model. If we have non-negative data,
we can model them as histograms generated from underlying
distributions. Each data vector can be modeled as the resultof
a separate random experiment. Thus, we can use the model for
analysis of non-negative data.

A. Parameter Estimation

Given feature countsVfn, we aim to estimateP (f |z) and
Pn(z). The components are randomly initialized and re-estimated
through iterations as given below, which are derived using the
Expectation Maximization (EM) algorithm. The Expectation(E)
step can be written as

Pn(z|f) =
Pn(z)P (f |z)

P

z Pn(z)P (f |z)
, (2)

and the Maximization (M) step can be written as

P (f |z) =

P

n VfnPn(z|f)
P

f

P

n VfnPn(z|f)
, Pn(z) =

P

f VfnPn(z|f)
P

z

P

f VfnPn(z|f)
.

(3)
The E-step and M-step equations are alternated until a termination
condition is met. Detailed derivation is shown in supplemental
material. The EM algorithm guarantees that the above multiplica-
tive updates converge to a local optimum.

B. Latent Variable Model as Basis Decomposition

We can write the model given by equation (1) in matrix form as
pn = Whn, wherepn is a column vector indicatingPn(f), hn

is a column vector indicatingPn(z), andW is theF ×R matrix
with the(f, z)-th element corresponding toP (f |z). Concatenating

all column vectorspn andhn as matricesP andH respectively,
one can write the model as

P = WH. (4)

This formulation is similar to matrix decompositions such as
PCA, ICA and NMF. We have additional constraints that the
columns ofP, W andH, being probability distributions, should
be positive and sum to unity. Thus, the model is equivalent
to a matrix decomposition which operates in the probability
distribution space. Non-negativity is implicitly guaranteed since
we are dealing with probabilities. We want to point out that
the latent variable model can be generalized where the random
process generates a multidimensional featuref in a given draw. In
that case, the above matrix decomposition generalizes to a tensor
decomposition but we shall not explore it further in this paper.

We can write the update equations (2) and (3) also in matrix
form. Writing the normalization steps separately, we have

Wfr = Wfr

X

n

HrnVfn

(WH)fn
, Wfr =

Wfr
P

f Wfr
, and,

Hrn = Hrn

X

f

WfrVfn

(WH)fn
, Hrn =

Hrn
P

r Hrn
, (5)

where Aij represents theij-th entry of matrix A. The above
equations are similar to NMF update equations as we shall point
out in Section V.

III. SPARSITY IN THE LATENT VARIABLE MODEL

Sparse coding refers to a representational scheme where, ofa
set of components that may be combined to compose data, only
a small number are combined to represent any particular input.
In this section, we present a brief motivation for this concept of
sparsityand show how one can incorporate it in the framework
of the latent variable model.

The idea of sparsity originated from attempts at understanding
the general information processing strategy employed by biolog-
ical sensory systems. The assumption is that the goal of sensory
coding is to transform the input in such a manner that reduces
the redundancy present among the elements of the input stream.
Consider the context of basis decomposition techniques. The data
vectorv (or the underlying generative distribution in the case of a
latent variable model) is approximated asWh where the columns
of W are basis vectors and elementshi of the vectorh are the
mixture weights. In this context, this goal ofefficient codingis
equivalent to finding a set of basis vectors that forms a complete
code (i.e. spans the input space) and results in the mixture weights
being as statistically independent as possible over an ensemble of
inputs. One way of achieving this, as suggested by Field [5],is
to have a representational scheme where only a few (out of a
large population) of the basis vectors are required to explain any
particular data vector. As Olshausen and Field [15] explain, the
existence of any statistical dependencies among a set of variables
hi may be discerned whenever the the joint entropy is less than
the sum of the individual entropies, i.e.H(h1, h2, . . . , hr) <
P

iH(hi), whereH is the entropy. They explain that a possible
strategy for reducing statistical dependencies is to lowerthe
individual entropiesH(hi). Thus, reducing entropies of mixture
weights is equivalent to having a sparse code of basis vectors.

Different metrics have been proposed to measure sparsity.
These metrics are used as constraints during parameter estimation
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of the model so that sparsity is enforced. They correspond
to different cost functions that penalize the objective function
during estimation. Consider a distributionθ on which sparsity
is desired. Some approaches use variants of theLp norm of θ

as the cost function (eg. [9]) while other approaches use various
approximations of entropy ofθ as the cost function (eg. [15]).
In this paper, instead of using approximations for entropy we use
entropy itself as a sparsity metric and seek to directly reduce it
during estimation.

We use the concept ofentropic prior which has been used in
themaximum entropyliterature (see [10], [19]) to enforce sparsity.
Given a probability distributionθ, the entropic prior is defined as

Pe(θ) ∝ e−αH(θ), (6)

whereH(θ) = −
P

i θi log θi is the entropy of the distribution and
α is a weighting factor. Positive values ofα favor distributions
with lower entropies while negative values ofα favor distributions
with higher entropies. Imposing this prior with positiveα during
maximum a posterioriestimation is a way to minimize entropy
which will result in a sparseθ distribution. The distributionθ
could correspond to the basis functionsP (f |z) or the mixture
weightsPn(z) or both.

We use the EM algorithm to derive the update equations. Let us
examine the case where bothP (f |z) andPn(z) have the entropic
prior. The set of parameters to be estimated is given byΛ =

{P (f |z), Pn(z)}. The a priori distribution over the parameters,
P (Λ), corresponds to the entropic priors. We can writelog P (Λ),
the log- prior, as

α
X

z

X

f

P (f |z) log P (f |z) + β
X

n

X

z

Pn(z) log Pn(z), (7)

whereα andβ are parameters1 indicating the degree of sparsity
desired inP (f |z) andPn(z) respectively. As before, we can write
the E-step as

Pn(z|f) =
Pn(z)P (f |z)

P

z Pn(z)P (f |z)
. (8)

The M-step reduces to the equations
P

n VfnPn(z|f)

P (f |z)
+ α + α log P (f |z) + ρz = 0, (9)

P

f VfnPn(z|f)

Pn(z)
+ β + β log Pn(z) + τn = 0, (10)

where ρz and τn are Lagrange multipliers. The above M-step
equations are systems of simultaneous transcendental equations
for P (f |z) and Pn(z). Brand [1] proposes a method to solve
such equations using the LambertW function (see [3] for details
about this function). It can be shown thatP (f |z) andPn(z) can
be estimated as

P̂ (f |z) =
−ξ/α

W(−ξe1+ρz/α/α)
, (11)

P̂n(z) =
−ω/β

W(−ωe1+τn/β/β)
, (12)

where we have letξ represent
P

n VfnPn(z|f) and ω represent
P

f VfnPn(z|f). Equations (9) and (11) (and the equation pair
(10) and (12)) form a set of fixed-point iterations that typically

1α and β can also take negative values, in which case the entropies of
corresponding distributions are increased during estimation.

converge in 2-5 iterations (see [1]). Brand [2] provides details on
computing the Lambert’sW function.

The final update equations are given by equation (8), and the
fixed-point equation-pairs (9), (11) and (10), (12). Details of the
derivation are provided in supplemental material.

Notice that the above update equations reduce to the maximum
likelihood updates of equations (2) and (3) whenα andβ are set
to zero. In most applications, sparsity is usually desired on either
P (f |z) or Pn(z) and not on both simultaneously. Sparse coding or
efficient coding corresponds to imposing sparsity on the mixture
weightsPn(z). Sparsity on the basis vectorsP (f |z) can be useful
in certain feature extraction applications as will be shownby an
example in Section VI.

IV. GEOMETRY OF THELATENT VARIABLE MODEL

The latent variable model as given by eqn. (1) expresses anF -
dimensional distributionPn(f) as a mixture ofR F -dimensional
basis distributionsP (f |z). Being probability distributions, they
are points in the(F − 1)-dimensional simplex. In case of 3-
dimensional distributions (a 3-dimensional input space),the gen-
erative distributions and basis vectors lie within theStandard 2-
Simplex(the plane defined by points on each axis which are unit
distance from the origin) and hence are easy to visualize.

To understand and visualize the workings of the model, we
created an artificial data set of 400 3-dimensional distributions.
We want to emphasize at this point that the input to the model
is always a histogram of multiple draws from an underlying
generative distribution. Every point in the data set we generated
actually corresponds to a normalized histogram. In other words,
every point corresponds to the result of a different experiment.
In this section, we use the terms “data points” and “experiments”
interchangeably.

We applied the latent variable model on the artificial dataset.
The model expresses the generative distribution for every data
point as a linear combination of the basis vectors where the
mixture weights are positive and sum to unity. Geometrically,
this implies that a given generative distribution is expressed as a
point within theconvex-hullformed by the basis vectors. This is
illustrated in Figure 2 for 2 and 3 basis vectors. In most applica-
tions of basis decompositions such as NMF or PCA, the number
of basis vectors extracted is far less than the dimensionality of
the input space. In such acompact codewhere dimensionality of
representation is reduced, the goal is to represent all the likely
inputs with a relatively small number of vectors with minimal loss
in the description of the input space. The left panel of Figure 2
with 2 basis vectors corresponds to acompact codewhile the
right panel with 3 basis vectors corresponds to acomplete code.
One can also choose to have anovercomplete codewith more
basis vectors than the input dimensionality and imposing sparsity
on the mixture weights in this case can give desirable properties
as we show below.

A. Effect of Number of Basis Vectors

The number of basis vectors used in a latent variable model
significantly affects the performance of the model. Figure 2shows
that when the number of basis functions is increased from 2
(corresponding to acompact code) to 3 (corresponding to a
complete code), the resulting approximation improves froma line
to a plane. All points which lie outside the line can now be
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Fig. 2. Illustration of the latent variable model on 3-dimensional distributions. Both panels show distributions represented within theStandard 2-Simplex
given by{(001), (010), (100)}. 2 Basis Vectors (Left) and 3 Basis Vectors (Right) extracted from 400 data points are shown. The model approximates data
vectors as points lying on the line approximation (left) or within the convex hull (right) formed by the basis vectors. Also shown are two data points (marked
by the magenta and green crosses) and their approximations by the model (shown by the circles). As one can see, the model gets more accurate as the number
of basis vectors increases from acompact codeof 2 basis vectors to acomplete codeof 3 basis vectors.
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Fig. 3. Illustration of the effect of number of basis vectorson the latent variable model applied on 3-dimensional distributions. Points are represented within
the Standard 2-Simplexgiven by{(001), (010), (100)}. The model was applied on the data set of 400 points shown in Figure 2 to extract 3, 4, 7, and 10
basis vectors. Each case consisted of 20 repeated runs and the resulting convex hulls formed by the basis vectors were plotted as shown in the panels from
left to right. Notice that increasing the number of basis vectors enlarges the sizes of convex hulls.
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Fig. 4. Illustration of the effect of sparsity on the latent variable model applied on 3-dimensional distributions. Points are represented within theStandard
2-Simplexgiven by{(001), (010), (100)}. The latent variable model was applied on data shown in Figure 2 to extract 7 basis vectors with different values
of the sparsity parameter on the mixture weights. There were20 repeated runs for a given value of the sparsity parameter and the resulting convex hulls are
plotted as shown. Increasing the sparsity of mixture weights makes the resulting convex hulls more compact.

accurately represented by 3 basis vectors since they liewithin
the convex hull. However, as one increases the number of basis
functions beyond the input dimensionality, the resulting convex
hulls “expand” around the data as shown in Figure 3. This larger
set of basis vectors can accurately represent the data but are less
characteristic of the distribution of data points. In otherwords,
the new set of basis vectors is less informative about the data set.
Consider the extreme case where we have the set of corners of
the 2-simplex as basis vectors. They accurately represent the data
set but do not provide any information. This is because they can
represent not just this dataset butany other data set with perfect
accuracy.

B. Effect of Sparsity

In the latent variable model, sparsity is imposed on a particular
parameter by reducing its entropy. It is easy to understand the
effects of sparsifying basis vectors. As the entropy decreases,

they are pushed towards the corners of the input simplex. In the
extreme case where entropy of each basis vector is reduced to
zero, the basis vectors are given by the corners of the simplex.
The effect of imposing sparsity on the mixture weights to geta
sparse codeof basis vectors is more interesting. Figure 4 shows
that as the sparsity parameter is increased, convex hulls formed
by the basis vectors get more “compact” around the data. This
corresponds to asparse-overcompletecode comprising a large
number of basis vectors but few of them contributing towards
explaining any particular data point. This happens when the
basis vectors themselves are more data-like, or in other words,
holistic representations of the input space. The idea of sparse-
overcomplete latent variable model has recently been used in
audio source separation tasks to obtain better performance[18].
In Section VI, we show an example where it results in improved
classification performance.
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Fig. 5. Graphical models for two-dimensional latent class model. Circles
represent variables, a box surrounding them indicates how many times they
should be drawn and arrows indicate dependence. (a)z represents the hidden
variable,f and n are the features drawn in the two dimensions in a given
draw, andV is the total number of draws. (b)z represents the hidden variable,
f is the feature drawn in a given draw,Vn is the total number draws for the
n-th data vector, andN is the total number of data vectors.

C. Information encoding in the model

Let us examine how the model encodes information about
the dataset. Information about the dataset is encoded by both
the basis vectors and the mixture weights. Global characteristics
are encoded by basis vectors while local characteristics (of
individual data points) are encoded by mixture weights. Basis
vectors correspond to characteristics of the random process that
remained invariant during all the experiments while mixture
weights correspond to characteristics specific to the experiments.
Increasing the number of basis vectors in an overcomplete code
means that the basis vectors become less informative about the
data set. The information is pushed from basis vectors to mixture
weights. In the extreme case where the corners of the2-Simplex
correspond to the basis vectors, all the information about the
dataset is encoded by the mixture weights and the basis vectors
themselves provide no information. On the other hand, as one
increases sparsity of mixture weights, basis vectors become more
data-like. Information about the data set is pushed from the
mixture weights to the basis vectors. In the extreme sparse-
overcomplete case where each data-point is itself a basis vector,
all information about the data set is coded by the basis vectors
and mixture weights provide no information.

V. RELATION TO LATENT CLASS MODELS AND NMF

The latent variable model we have presented is conceptually
related toLatent Class Modelsand numerically similar to Non-
negative Matrix Factorization. In this section, we describe how
the model relates to these techniques.

A. Latent Class Models

The model presented in Section II is a variation of aLatent
Class Model. Latent class models have been used in the field
of social and behavioral sciences as an analysis method. The
models enable one to attribute the observationss as being due
to latent factors (eg. [6], [7], [11]). The main characteristic of

these models isconditional independence- multivariate data are
modeled as belonging to latent classes such that random variables
within a class are independent of one another. In its generalform,
a latent class model expresses aK-dimensional distribution as a
mixture where each component of the mixture is a product of
one-dimensional marginal distributions. Mathematically, it can be
written as

P (x) =
X

z

P (z)
K

Y

j=1

P (xj |z), (13)

where P (x) is a K-dimensional distribution of the random
variablex = x1, x2, . . . , xK . Mixture components are indexed by
the latent variablez and P (xj |z) are one-dimensional marginal
distributions. For two-dimensional data in the form of theF ×N

matrix V, the model can be expressed as

P (f, n) =
X

z

P (z)P (f |z)P (n|z), or (14)

P = WSH (15)

in matrix form, whereF × N matrix P represents the two-
dimensional distributionP (f, n), W is an F × R matrix with
the f-th entry of the z-th column representingP (f |z), S is
an R × R diagonal matrix where thez-th diagonal element
representsP (z), and H is an R × N matrix with the n-th
element of thez-th row representingP (n|z). Random variables
corresponding to both dimensions are considered as features and
are treated symmetrically. This is depicted by the graphical model
in Figure 5(a). Convolutive extensions of this model were recently
proposed by [21] and have been applied to various acoustic
processing tasks [22].

In our case, we haveN data vectors of dimensionF and we
do not wish to treat both dimensions symmetrically. One can use
a different factorization2 as follows:

P (f, n) = P (n)
X

z

P (f |z)P (z|n), or (16)

P = WHS (17)

in matrix form, whereP represents the two-dimensional distri-
bution P (f, n), W is an F × R matrix with the f-th entry of
the z-th column representingP (f |z), H is anR×N matrix with
the z-th entry of then-th column representingP (z|n), and S

is an N × N diagonal matrix with then-th diagonal element
equal toP (n). Figure 5(b) shows the graphical model for this
factorization. Hofmann [8], motivated by applications in semantic
analysis of text corpora, introduced this model as Probabilistic
Latent Semantic Analysis.

The model presented in this paper does not explicitly estimate
P (n). It was proposed by Raj and Smaragdis [17] in the context of
separating speakers from single-channel acoustic recordings. We
consider each data vectorvn independently and modelN one-
dimensional distributionsPn(f) instead of the two-dimensional
distribution P (f, n). This is equivalent to using the latent class
model of equation (14) on every data vector independently. Treat-
ing the two dimensions differently helps in clear interpretation of
the resulting decomposition as basis vectors and mixture weights.

2Instead, we can useP (f, n) = P (f)
P

z
P (n|z)P (z|f) (or in matrix

form: PF×N = SF×F WF×RHR×N , where subscripts denote matrix
sizes andS is a diagonal matrix), where basis vectors are over dimension
n and given by rows ofH. This is numerically equivalent to using equation
(16) or (17) with the input dimensions transposed.
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Fig. 6. Basis images extracted from theCBCL Database(http://cbcl.mit.edu/software-datasets/FaceData2.html) using the latent variable model. Panel (c)
shows 49 basis images extracted without using sparsity. These are qualitatively similar to the basis vectors obtained by NMF (not shown). Notice that they
are not entirely parts-like representations. Panels (a) and (b) show results of varyingα - the sparsity parameter on the basis vectors. Panels (d) and(e) show
the effects of varyingβ - the sparsity parameter on mixture weights. Parts-like representations are obtained when one imposes sparsity on the basis vectors
(a) or increases entropy of the mixture weights (d). Increasing entropy of basis vectors (b) and decreasing entropy of the mixture weights (e) leads to holistic
face-like representations.

B. Non-negative Matrix Factorization

Non-negative Matrix Factorization was introduced by [12] to
find non-negative parts-based representation of data. Given aF ×

N matrix V where each column corresponds to a data vector,
NMF approximates it as a product of non-negative matricesW

and H, i.e. V ≈ WH, whereW is a F × R matrix andH is
a R ×N matrix. The columns ofW can be thought of asbasis
vectorsthat are optimized for the linear approximation ofV.

The optimal choice of matricesW and H are defined by
those non-negative matrices that minimize the reconstruction
error betweenV and WH. Different error functions have been
proposed which lead to different update rules (eg. [12], [13]).
Shown below are multiplicative update rules derived by [13]using
an error measure similar to the Kullback-Leibler divergence:

Hrn ← Hrn

P

f WfrVfn/(WH)fn
P

f Wfr
,

Wfr ← Wfr

P

n HrnVfn/(WH)fn
P

n Hrn
, (18)

whereAij represents the value ati-th row and thej-th column
of matrix A. One can see that the EM update equations for the
latent variable model given by equations (5) are similar to the
above NMF updates. They differ in the normalization factors.

Several authors have noted the shortcomings of standard NMF
and suggested extensions to incorporate sparsity. Most approaches
use variants of a penalty function onH during estimation to
enforce sparsity onH. The penalty functions include theL1

norm [4], [14], a combination ofL1 or L2 norms [9] or other

functions ofH [4]. Some approaches such as [16] use a modified
approximation that enforces sparsity. Convergence properties of
some of the approaches are unknown ( [4], [14]). We have
proposed a method with probabilistic foundations using entropy
as the sparsity measure. The method we have proposed has good
convergence properties as guaranteed by the EM algorithm. In
addition, our method can be generalized to have multidimensional
features which is equivalent to a tensor decomposition.

VI. EXPERIMENTS

In this section, we describe results of applying the latent
variable model on real life data and show how it can be used
for feature extraction and classification tasks.

A. Feature Extraction

Lee and Seung [12] applied NMF on theCBCL databaseof
faces and showed that the basis functions extracted had localized
features that fit well with intuitive notions of parts of faces. We
applied the latent variable model on the database and Figure6(c)
shows the results. Equations (2) and (3) were used to update
parameters and data was preprocessed as was done in the original
study3. Bases extracted by the model are qualitatively similar to
those extracted from NMF (see [9], [12]).

3The CBCL databaseconsists of 2429 frontal view face images, hand-
aligned in a19× 19 grid. Following [12], the grayscale intensities were first
linearly scaled so that the pixel mean and standard deviation were equal to
0.25, and then clipped to the range [0, 1].
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Basis Vectors Mixture Weights

Pixel Image

Basis Vectors Mixture Weights

Pixel Image

Basis Vectors Mixture Weights

Pixel Image

Basis Vectors Mixture Weights

Pixel Image

Fig. 7. 25 Basis images extracted for class “2” (Top Panels) and class “3” (Bottom panels) from training data without sparsity on mixture weights (Left
Panels, sparsity parameter = 0) and with sparsity on mixtureweights (Right Panels, sparsity parameter = 0.2). Basis images combine in proportion to the
mixture weights shown to result in the pixel images shown.

β = 0 β = 0.05

β = 0.5 β = 0.2

Fig. 8. 25 basis functions learned from training data for class “3” with increasing sparsity parameters on the mixture weights. The sparsity parameter was
set to (from top-left in clockwise direction) 0, 0.05, 0.2 and 0.5 respectively. Unlike the basis vectors of Figure 6, increasing the sparsity parameter of mixture
weights produces basis vectors which are holistic representations of the input space instead of parts-like features.
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However, the extracted bases are not entirely parts based
representations as can be seen from the figure. Notice that
compared to holistic representations, parts-based representations
should have lower entropy. We ran experiments on theCBCL
Databaseby applying sparsity on the basis vectors to see if
it resulted in parts-based representations. Results are shown in
Figure 6(a). Decreasing the entropy of basis vectors leads to
parts-like representations. Qualitatively similar results can be
obtained byincreasingthe entropy of mixture weights as shown
in Figure 6(d).

Instead of parts-like representations, one can obtain holistic
representations by imposing sparsity on the mixture weights as
shown by Figure 6(e). Qualitatively similar results can be obtained
by increasing the entropy of basis vectors as shown in Figure6(b).

B. Classification

We now provide a simple example of handwritten digit
classification using the latent variable framework and show
how sparsity applied on the mixture weights affects classifi-
cation. We used the USPS Handwritten Digits database (from
http://www.cs.toronto.edu/∼roweis/data.html) which has 1100 ex-
amples for each digit class. We randomly chose 100 examples
from each class and separated them as the test set. The remaining
examples were used for training.

Training and testing procedures were as follows. During train-
ing, separate sets of basis vectors were learned for each class.
Figure 7 shows 25 bases images extracted for the digits “2” and
“3” respectively. During testing, basis vectorsP k(f |z) were fixed
and mixture weightsP k(z) were estimated to obtain mixture
distribution P k(f) =

P

z P k(f |z)P k(z), where the superscript
k indicates the class label. For a given test data vectorv, this
process was repeated with basis vectors from each class and the
likelihood Lk =

P

f vf log P k(f) was computed. The vectorv
was assigned to the class for which likelihood was the highest.

Results are shown in Figure 9. As one can see, imposing
sparsity improves classification performance in almost allcases.
Figure 8 shows four sets of basis vectors learned for class
“3” with different sparsity values on the mixture weights. As
the sparsity parameter is increased, basis vectors tend to be
holistic representations of the input space. This is consistent with
improved classification performance - as the representation of
basis vectors get more holistic, the moreunlike they become when
compared to bases of other classes. Thus, there is a lesser chance
that basis vectors of one class can combine to approximate an
input vector in another class, thereby improving performance.

VII. C ONCLUSIONS

In this paper, we presented a probabilistic generative model that
enforces non-negativity implicitly. We showed that it is equivalent
to a basis decomposition in the probability space. We showedhow
the model could be extended to incorporate sparsity by adding an
entropic prior during estimation. We presented a geometricview
that helped us visualize the workings of the model and the effects
of sparsity on its performance. We clarified how the model relates
to NMF and latent class models. We experimentally verified
the applicability of proposed models for unsupervised feature
extraction tasks as well as supervised classification tasks. Future
research directions include extensions of this work to model time-
varying data (such as speech spectrograms) and evaluating other
suitable priors that can better capture the structure present in data.
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Fig. 9. Results of the classification experiment. The legendshows number
of basis vectors used. Notice that imposing sparsity almostalways leads to
better classification performance. In the case of 100 basis vectors, error rate
comes down by almost 50% when a sparsity parameter of 0.3 is imposed.
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